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Massive usage of LLMs

[ Exportieren

Write an introductory slide from a lecture on the expressive power of transformers
from a formal perspective. Be concise.
® Slide: The Expressive Power of Transformers: A Formal Perspective
s Title: The Expressive Power of Transformers: A Formal Perspective
s Subtitle: Understanding the computational capabilities of transformer models
+ Key Points:
' Formal analysis of transformer architectures
' Expressive power in relation to other models
1 Theoretical insights into their success
+ Objective: Explore the formal foundations of transformers’ expressive capabilities

Keep the slide clean and uncluttered, using a large, readable font and minimal text.
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Massive usage of LLMs

[ Exportieren

Write an introductory slide from a lecture on the expressive power of transformers
from a formal perspective. Be concise.
® Slide: The Expressive Power of Transformers: A Formal Perspective
s Title: The Expressive Power of Transformers: A Formal Perspective
s Subtitle: Understanding the computational capabilities of transformer models
+ Key Points:
Formal analysis of transformer architectures
Expressive power in relation to other models
Theoretical insights into their success
+ Objective: Explore the formal foundations of transformers’ expressive capabilities

Keep the slide clean and uncluttered, using a large, readable font and minimal text.

On which tasks can we expect good results?
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Analysis of transformers

Behind every recent model: a transformer

® an attention mechanism weigths the im-
portance of different input elements

® better processing of long-range depen-
dencies

® highly parallelizable
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Behind every recent model: a transformer

® an attention mechanism weigths the im-
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® better processing of long-range depen-
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How to analyse transformers?
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Analysis of transformers

Behind every recent model: a transformer Theoretically:
1. Devise formal transformer models
® an attention mechanism weigths the im- 2. Prove things!
portance of different input elements
® better processing of long-range depen-
dencies
® highly parallelizable
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Analysis of transformers

Behind every recent model: a transformer

® an attention mechanism weigths the im-
portance of different input elements

® better processing of long-range depen-
dencies

® highly parallelizable
How to analyse transformers?
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® Benchmarking: train the model on a cor-
pus and evaluate it on a chosen bench-
mark

® Exploration: use correlation techniques to

investigate unlown parameters of black-
box LLM
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Theoretically:

1. Devise formal transformer models
2. Prove things!

Two directions:

® Learnability: What problems can or can't
be solved after a training phase.
— Hard, the research is in an early stage

® Expressibility: What can the model ex-
press?

— This lecture.
— not expressible = not learnable
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Analysis of transformers

Behind every recent model: a transformer

® an attention mechanism weigths the im-
portance of different input elements

® better processing of long-range depen-
dencies

® highly parallelizable
How to analyse transformers?

Empirically:

® Benchmarking: train the model on a cor-
pus and evaluate it on a chosen bench-
mark

® Exploration: use correlation techniques to

investigate unlown parameters of black-
box LLM
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Theoretically:

1. Devise formal transformer models
2. Prove things!

Two directions:

® | earnability: What problems can or can't
be solved after a training phase.
— Hard, the research is in an early stage

® Expressibility: What can the model ex-
press?

— This lecture.
— not expressible = not learnable

How to proceed?

® Model transformers are formal languages
recognizers

® [mport knowledge from circuits, logic,
automata,. . .
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Formal models for transformers
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A formal model
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A formal model

Transformer Block Output
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A formal transformer will define a function
Dropout E* — {0’ 1}

We will not model the following components,
at least for now:
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Transformer Block Output
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Fix an alphabet 3
A formal transformer will define a function
¥* — {0,1}

We will not model the following components,

at least for now:

® Dropout: Some connections are deacti-
vated during learning to increase the ro-
bustess of the learning.
— Irrelevant for expressivity
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A formal model
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Transformer Block Input

Fix an alphabet 3
A formal transformer will define a function
¥* — {0,1}

We will not model the following components,
at least for now:

® Dropout: Some connections are deacti-
vated during learning to increase the ro-
bustess of the learning.
— Irrelevant for expressivity

® Masking: Attention is restricted to previ-
ous inputs to help maintaing causality
— Can increase or decrease expressivity
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A formal model

Transformer Block Output

A
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GPT-3

Fix an alphabet 3
A formal transformer will define a function
¥* — {0,1}

We will not model the following components,
at least for now:

® Dropout: Some connections are deacti-
vated during learning to increase the ro-
bustess of the learning.
— Irrelevant for expressivity
® Masking: Attention is restricted to previ-
ous inputs to help maintaing causality
— Can increase or decrease expressivity
® Layer norm: Normalization (mean = 0
and variance = 1) of the values of a layer,
to speed-up the training.
— Usually increase expressivity
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A formal model - input encoding
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The transfomer receives an input
Ty Ty € »*
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A formal model - input encoding

Transformer Block Output
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Transformer Block Input

GPT-3

The transfomer receives an input
Ty Ty € »*

It will work with values in R, for a global
parameter d
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A formal model - input encoding

Transformer Block Output
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Transformer Block Input

GPT-3

The transfomer receives an input
Ty Ty € »*

It will work with values in R, for a global
parameter d

First, the input in 3™ must be translated
into values in (R%)™. Two ingredients:

® Word embedding: a function we : ¥ —
Rd

® Positional endoding: a function pe :
{1,...,n} — R
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A formal model - input encoding
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Transformer Block Input

GPT-3

The transfomer receives an input
Ty Ty € »*

It will work with values in R, for a global
parameter d

First, the input in 3™ must be translated
into values in (R%)™. Two ingredients:

® Word embedding: a function we : ¥ —
Rd

® Positional endoding: a function pe :
{1,...,n} — R

Define y; = we(x;) + pe(?)
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A formal model - input encoding
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Transformer Block Input
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The transfomer receives an input
Ty Ty € »*

It will work with values in R, for a global
parameter d

First, the input in 3™ must be translated
into values in (R%)™. Two ingredients:

® Word embedding: a function we : ¥ —
Rd

® Positional endoding: a function pe :
{1,...,n} — R

Define y; = we(x;) + pe(?)

The original encodinfz

pe(i)[j] = i W) if j is even
K . oo
cos (1go0557a) if 4 is odd
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A formal model - input encoding

Transformer Block Output

Dropout

Linear
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Transformer Block Input

GPT-3

The transfomer receives an input
Ty Ty € »*

It will work with values in R, for a global
parameter d

First, the input in 3™ must be translated

into values in (R%)™. Two ingredients:

® Word embedding: a function we : ¥ —
Rd

® Positional endoding: a function pe :
{1,...,n} — R

Define y; = we(x;) + pe(?)

The original encoding:
i K3 . o q

pe()[j] =4 EW) !f g is even

cos (W) if 7 is odd

Many other ones: 1, % %, %2, no pe, ...
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A formal model - attention mechanism
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So far: y1,...,yn € (RE)"

Parameters Q, K and V: matrices of size
d xd — query, key and value
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A formal model - attention mechanism
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So far: y1,...,yn € (RE)"

Parameters @, K and V': matrices of size
d X d — query, key and value

The softmax function approximates max:

softmax(sy,...,8,) = (et,...,e°™)

Si
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A formal model - attention mechanism
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Parameters @, K and V': matrices of size
d X d — query, key and value

The softmax function approximates max:
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A formal model - attention mechanism
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A formal model - attention mechanism
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So far: y1,...,yn € (RE)"

Parameters @, K and V': matrices of size
d X d — query, key and value

The softmax function approximates max:

(e’t,...,e’™)

softmax(sy,...,8,) =
Si
®Fori < ¢ < m, compute ¢; = Qui,
k; = Ky; and v; = Vy;
® Attention scores: s;; = g, k;
® Attention weights: o;1,...,045, =
softmax(s; 1,...,8in)
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A formal model - attention mechanism !
Transformer Block Output SO far: YiyeoosYn (= (Rd)"

Parameters @, K and V': matrices of size
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A formal model - attention mechanism
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So far: y1,...,yn € (RE)"

Parameters @, K and V': matrices of size
d X d — query, key and value

The softmax function approximates max:

softmax(sy,...,8,) = (e’t,...,e’™)

Si

®Fori < 7 < n, compute q; = Quy;,
k; = Ky; and v; = Vy;

® Attention scores: s;; = g, k;

® Attention weights: o;1,...,045, =
softmax(s; 1,...,8in)

®z =3, v+

In practice, many as are close to 0:

Unique hard-attention: replace softmax by

the function that assigns 1 to the leftmost
maximal position
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A formal model - attention mechanism

Transformer Block Output

LayerNorm

Al

Linear

A
(Cmatmur ([ matmur (" matmu ]

S

3
H
s
al
-
b

il
i
ilicid

Transformer Block Input

GPT-3

Corentin Barloy and Thomas Zeume

So far: Y1,...,Yn € (RE)™

Parameters Q, K and V: matrices of size
d X d — query, key and value

The softmax function approximates max:
(e’t,...,e’™)
> 8i

®Fori < 7 < n, compute q; = Quy;,
k; = Ky; and v; = Vy;

® Attention scores: s;; = g, k;

® Attention weights: o;1,...,045, =
softmax(s; 1,...,8in)

®z =3, v+

In practice, many as are close to 0:

Unique hard-attention: replace softmax by

the function that assigns 1 to the leftmost
maximal position

softmax(sy,...,8,) =

Multi-head does not add expressivity
— Use one layer per head
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So far: z1,...,2, € (R})™
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A formal model - feed-forward network
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So far: z1,...,2, € (R})™

This will be processed by the most basic
neural network: a FFN

It depends on:

® 5 hidden dimensionl d’ ;
® matrices W; € R4 X2 and W, € R4xd
® vectors b; € R? and by € R?
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A formal model - feed-forward network

Transformer Block Output
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So far: z1,...,2, € (R})™

This will be processed by the most basic
neural network: a FFN

It depends on:

® 3 hidden dimensionl d’ ;
® matrices W; € R4 X2 and W, € R4xd

“‘“’” ® vectors b; € R? and by € R?
The rectified linear unit: R? — R?
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is ReLU(z) = max(0,z) applied
component-wise
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A formal model - feed-forward network

Transformer Block Output
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So far: z1,...,2, € (R})™

This will be processed by the most basic
neural network: a FFN

It depends on:

® 5 hidden dimensionl d’ ;
® matrices W; € R4 X2 and W, € R4xd
® vectors b; € R? and by € R?

The rectified linear unit: R? — R4
is ReLU(z) = max(0,z) applied
component-wise

For 1 < 7 < n, define

®h; = Wiz; + by

'yi(l) = Wag; + b2 + 2;
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A formal model - feed-forward network
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Corentin Barloy and Thomas Zeume

So far: z1,...,2, € (R})™

This will be processed by the most basic
neural network: a FFN

It depends on:

® 3 hidden dimensionl d’ ;
® matrices W; € R4 X2 and W, € R4xd
® vectors b; € R? and by € R?

The rectified linear unit: R — R<

is ReLU(z) = max(0,z) applied
component-wise

For 1 < 7 < n, define

®h; = Wiz; + by

'yi(l) = Wag; + b2 + 2;

It is known that any function can be ap-
proximated by a (multi-layer) FFN
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Output

i}

LayerNorm

Transformer Block

Transformer Block

Positional
E:

Input
Embedding

Input

Corentin Barloy and Thomas Zeume

_ === )

A formal model - binary output

Transformer Block Output

Linear

1
(Cmatmur ([ matmur (" matmur ]

(Coropout ]| [ propout J| [ propout ]

([Csoftmax )| (Csoftmax ][ (Csoftmax ]

[ mask )| [ mask ]| [ mask ]
[} [} [}

Matmul Matmul Matmul

Fead 1 FHead .. Tead 0
Linear

Transformer Block Input

GPT-3

So far: yfl), v y® e (RY™
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A formal model - binary output

Transformer Block Output

Output

LayerNorm

i}

Transformer Block

Dropout

Linear
Transformer Block
Layer 1

1

(Cmatmur ([ matmur (" matmur ]

(Coropout J| (Coropout J| (Coropout J
Positional
Encoding (Csoftmax )| (Csoftmax )| (Csoftmax )
Emm‘;h' ( M:sk )| [ mask ]| [ mask ]
((matmut )| (Cmatmur J[ (Cmatmur ]
Input [N} [N} [N Y
Tead

Fead 1

Tead 0

Linear
(&
I

Transformer Block Input

GPT-3

Corentin Barloy and Thomas Zeume

So far: yfl), v y® e (RY™

For a parameter L, we repeat this for L lay-
ers giving y{™, ..., yD € (R
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A formal model - binary output

Transformer Block Output

So far: yfl), v y® e (RY™

For a parameter L, we repeat this for L lay-
ers giving y{™, ..., yD € (R

Output

i

In practive generate, every y(L) is mapped

i
Cavertom ] to a probability distribution via a softmax to

generate the output.

Dropout

Linear
Transformer Block
Layer 1

1
(Cmatmur ([ matmur (" matmur ]

(rovout )| (Brepout )| (oropent )

Positional
Encoding

([Csoftmax )| (Csoftmax ][ (Csoftmax ]

Emmﬂt‘w [ mask )| [ mask ]| [ mask ]

[}
((matmut )| (Cmatmur J[ (Cmatmur ]
[N} [N} [N Y

Input

Fead 1 Tead .. Tead 0

Linear
(& f J

Transformer Block Input

GPT-3
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A formal model - binary output

Transformer Block Output

Dropout

Output

i
i ﬂH}IT*

Transformer Block
Layer L

Dropout

Linear

Transformer Block
Layer 1

(Cmatmur ([ matmur (" matmur ]

(rovout )| (Brepout )| (oropent )

Positional
encoaing | &
Input (
Embedding

([Csoftmax )| (Csoftmax ][ (Csoftmax ]

mask ]| [ mask || [ mask ]

[}

((matmut )| (Cmatmur J[ (Cmatmur ]
[N} [N} [N Y

Input

Fead 1 Tead .. Tead 0
Linear

|

Transformer Block Input
GPT-3

Corentin Barloy and Thomas Zeume

So far: yil), e y® € (R

For a parameter L, we repeat this for L lay-
ers giving y{™, . .. , b € (R

In practive generate, every ny) is mapped
to a probability distribution via a softmax to
generate the output.

To have a language recognizer, consider clas-
sification:

® 3 vector o € R1*4

® Accept if 0" - y(F) > 0
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A formal model - binary output

Transformer Block Output

Dropout

Output

i
i ﬂH}IT*

Transformer Block
Layer L

Dropout

Linear

Transformer Block
Layer 1

(Cmatmur ([ matmur (" matmur ]

(rovout )| (Brepout )| (oropent )

Portiont
encoaing | &

Embeding (

([Csoftmax )| (Csoftmax ][ (Csoftmax ]

mask ]| [ mask || [ mask ]

[}

((matmut )| (Cmatmur J[ (Cmatmur ]
[N} [N} [N Y

Input

Fead 1 Tead .. Tead 0
Linear

|

Transformer Block Input
GPT-3

Corentin Barloy and Thomas Zeume

So far: yil), e y® € (R

For a parameter L, we repeat this for L lay-
ers giving y{™, . .. , b € (R

In practive generate, every ny) is mapped
to a probability distribution via a softmax to
generate the output.

To have a language recognizer, consider clas-
sification:

® 3 vector o € R1x4
® Accept if 0" - y(F) > 0

We defined a function ¥* — {0,1}
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Positional
E:

Input
Embedding

Input

Corentin Barloy and Thomas Zeume

A formal model - choice of parameters

Transformer Block Output

Dropout

Linear

1
(Cmatmur ([ matmur (" matmur ]
(Coropout ]| [ propout J| [ propout ]
([Csoftmax )| (Csoftmax ][ (Csoftmax ]
[ mask )| [ mask ]| [ mask ]
[} [} [}
Matmul Matmul Matmul
Fead 1 Tead - Tiead 1
Linear

= |

Transformer Block Input

GPT-3

Many, many choices:
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A formal model - choice of parameters

Transformer Block Output

Dropout

1

(Cmatmur ([ matmur (" matmur ]

(rovout )| (Brepout )| (oropent )

Positional
Encoding

([Csoftmax )| (Csoftmax ][ (Csoftmax ]

Embeding (

mask ]| [ mask || [ mask ]
[}

((matmut )| (Cmatmur J[ (Cmatmur ]
[N} [N} [N Y

Input

Fead 1 Tead .. Tead 0

Linear
(&
I

Transformer Block Input
GPT-3

Corentin Barloy and Thomas Zeume

Many, many choices:

o How many layers? What is the dimension
d?
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. 10
A formal model - choice of parameters

Transformer Block Output

Many, many choices:

o How many layers? What is the dimension
d?

o What kind of attention? We use UHAT

for unique hard-attention and SMAT for
softmax attention.

Dropout

Linear

1

(Cmatmur ([ matmur (" matmur ]

(rovout )| (Brepout )| (oropent )

Positional
Encoding

([Csoftmax )| (Csoftmax ][ (Csoftmax ]

Emmﬂt‘w [ mask )| [ mask ]| [ mask ]

[}
((matmut )| (Cmatmur J[ (Cmatmur ]
[N} [N} [N Y

Input

Fead 1 Tead .. Tead 0

Linear
(& f J

Transformer Block Input

GPT-3
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Portiont
encoaing | &
ot
Embeading

Input

Corentin Barloy and Thomas Zeume

. 10
A formal model - choice of parameters

Transformer Block Output

Dropout

Dropout

Linear

el

(Cmatmur ([ matmur (" matmur ]

(rovout )| (Brepout )| (oropent )

([Csoftmax )| (Csoftmax ][ (Csoftmax ]

[ mask )| [ mask ]| [ mask ]
[}

((matmut )| (Cmatmur J[ (Cmatmur ]
[N} [N} [N Y

Fead 1 Tead .. Tead 0
Linear

|

Transformer Block Input

GPT-3

Many, many choices:

o How many layers? What is the dimension
d?

o What kind of attention? We use UHAT
for unique hard-attention and SMAT for
softmax attention.

o What is the precision of the reals? It is
usual to restrict which real numbers can be

used. Typically: fixed, log or arbitrary preci-
sion.
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. 10
A formal model - choice of parameters

Transformer Block Output

P 4 < Many, many choices:
o How many layers? What is the dimension
a7
=m - e What kind of attention? We use UHAT
[ o N for unique hard-attention and SMAT for
softmax attention.
®
o What is the precision of the reals? It is
— usual to restrict which real numbers can be
e ) used. Typically: fixed, log or arbitrary preci-
( — ) ( = )| ( — ) SEI;
ncouing | @ sortmax )| (Gormax )| (Sormax . .
(=) Ceormax )| (Sottmax )| Cootmar ] e What are the positional encodings al-
Emm‘;w [ mask )| [ mask ]| [ mask ] IOWed?
((matmut )| (Cmatmur J[ (Cmatmur ] :
et e
Linear
Come) |
. f J

Transformer Block Input
GPT-3
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Portiont
encoaing | &

Input
Embedding

Input

Corentin Barloy and Thomas Zeume

A formal model - choice of parameters

Transformer Block Output

Dropout

Linear

" %&HBIT

(Cmatmur ([ matmur (" matmur ]

Fead 1

F
H

3|
H
=l

Linear

ﬁ

Transformer Block Input

GPT-3

Many, many choices:

o How many layers? What is the dimension
d?

o What kind of attention? We use UHAT
for unique hard-attention and SMAT for
softmax attention.

o What is the precision of the reals? It is
usual to restrict which real numbers can be
used. Typically: fixed, log or arbitrary preci-
sion.

e What are the positional encodings al-
lowed?

® Is there masking? What kind?
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Portiont
encoaing | &

Input
Embedding

Input

Corentin Barloy and Thomas Zeume

A formal model - choice of parameters

Transformer Block Output

4
s ——
@
Linear
[y
(Cmatmur ([ matmur (" matmur ]
[Csoftmax ]| (Csottmax ]| ([softmax ]
([ Mask ]| ([ mask ]| [ mask ]
[(matmur )| (Cmatmur ]| ([ matmur ]
Linear
|
Transformer Block Input

Many, many choices:

o How many layers? What is the dimension
d?

o What kind of attention? We use UHAT
for unique hard-attention and SMAT for
softmax attention.

o What is the precision of the reals? It is
usual to restrict which real numbers can be
used. Typically: fixed, log or arbitrary preci-
sion.

e What are the positional encodings al-
lowed?

® Is there masking? What kind?

® Is there a layer norm? At what level?
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11
A formal model - recap

Transformer Block Output

Dropout

1

(Cmatmur ([ matmur (" matmur ]

(rovout )| (Brepout )| (oropent )

Positional
Encoding

([Csoftmax )| (Csoftmax ][ (Csoftmax ]

Emmn;h' ( M:sk )| [ mask ]| [ mask ]

((matmut )| (Cmatmur J[ (Cmatmur ]
[N} [N} [N Y

Input

Fead 1 Tead .. Tead 0

Linear
(&
I

Transformer Block Input
GPT-3

Corentin Barloy and Thomas Zeume

A transformers in given as: d,d’, L € N, we : ¥ —
R pe : {1,...,n} — R QW,...,Q®D),
KO KO yvO  yv@B) g gixd
w®, oW e rExe w L owi) ¢
Rexd’ pM | pE) e rd BV, b €
R%, o € RY.
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11
A formal model - recap

Yvinsformer Block Output

Output n

-

Linear

[}
(Cmatmur ([ matmur (" matmur ]

(rovout )| (Brepout )| (oropent )

Portiont
encoaing | &

([Csoftmax )| (Csoftmax ][ (Csoftmax ]

[ mask )| [ mask ]| [ mask ]

((matmut )| (Cmatmur J[ (Cmatmur ]
[N} [N} [N Y

Input

Fead 1 Tead .. Tead 0
Linear

= |

Transformer Block Input

GPT-3

Corentin Barloy and Thomas Zeume

A transformers in given as: d,d’, L € N, we : ¥ —
R pe : {1,...,n} — R QW,...,Q®D),
KO KO yvO v ¢ Rdxd
wh, L wP e R Xd, wib, L wiP) e
B € Rd',b;”,...,bgL) €

Oninput ©1 -+ - @y, € XT™:
® 4y, = we(x;) + pe(z)
q£1) =QWMy,; k:(l) KMy, and
vfl) = V(l) Y
(1) (1) (1)
a{Vk

i3
5’11), coog a(l) = softmax(s(ll), 000 s(.l))
(1) — LN C S P ¢ 5]

i=1 %i,5 Y +vi

(1> = WORLUW® 2 £ 6(0) 460 4

?1)
’L
e...
oy — WEReLUWR 2B 4 )y 4
b<L)+z<L)

® Accept if o' . yg‘) >0
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A first example
For E an expression, I(E) is 1 if E is true and O otherwise

Example

MAJ (the language of strings with more 1s than 0s) can be recognized by a
SMAT with no PE and fixed precision.
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A first example
For E an expression, I(E) is 1 if E is true and O otherwise

Example

MAJ (the language of strings with more 1s than 0s) can be recognized by a
SMAT with no PE and fixed precision.

Proof
The SMAT receives @ -+ - @, with k ones. Fix L =1 and d = 2
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A first example
For E an expression, I(E) is 1 if E is true and 0 otherwise

Example

MAJ (the language of strings with more 1s than 0s) can be recognized by a
SMAT with no PE and fixed precision.

Proof
The SMAT receives @ -+ - @, with k ones. Fix L =1 and d = 2

Word embedding: Map 1 — (1,0) and 0 — (—1,0)
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A first example
For E an expression, I(E) is 1 if E is true and 0 otherwise

Example

MAJ (the language of strings with more 1s than 0s) can be recognized by a
SMAT with no PE and fixed precision.

Proof
The SMAT receives @ -+ - @, with k ones. Fix L =1 and d = 2

Word embedding: Map 1 — (1,0) and 0 — (—1,0)

Attention Layer: Q and K are the all 0 matrices

All attention scores are s; ; = 0 and attention weigths are o; ; = %
0 1 k—n
V = (1 0) and z; = (2I(z; = 1) — 1, 27)
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A first example
For E an expression, I(E) is 1 if E is true and 0 otherwise

Example

MAJ (the language of strings with more 1s than 0s) can be recognized by a
SMAT with no PE and fixed precision.

Proof
The SMAT receives @ -+ - @, with k ones. Fix L =1 and d = 2

Word embedding: Map 1 — (1,0) and 0 — (—1,0)

Attention Layer: Q and K are the all 0 matrices

All attention scores are s; ; = 0 and attention weigths are o; ; = %
0 1 k—n
V = (1 0) and z; = (2I(z; = 1) — 1, ZT)

FFN: Do nothing! W5 and by are all 0
Thus ygl) = 2
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A first example
For E an expression, I(E) is 1 if E is true and O otherwise

Example

MAJ (the language of strings with more 1s than 0s) can be recognized by a
SMAT with no PE and fixed precision.

Proof
The SMAT receives @ -+ - @, with k ones. Fix L =1 and d = 2
Word embedding: Map 1 — (1,0) and 0 — (—1,0)

Attention Layer: Q and K are the all 0 matrices
All attention scores are s; ; = 0 and attention weigths are a; ; = *

V= (‘1’ (1)) and z; = (2l(z; = 1) — 1, 2=1)

FFN: Do nothing! W5 and by are all 0
Thus ygl) = 2

Output: o = (0,1) and oTyfll) = %T_"
It is > 0 iff the input is in MAJ
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Parity

Example

PARITY can be recognized by a SMAT with
the PEs - and (—1)* and fixed precision.
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Parity
Example
PARITY can be recognized by a SMAT with
the PEs - and (—1)* and fixed precision.
Proof

The SMAT receives xq - - - x,, with k ones.
Fix L=3andd =11
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Parity

Example

PARITY can be recognized by a SMAT with
the PEs - and (—1)* and fixed precision.
Proof

The SMAT receives x; - - - x,, with k ones.
Fix L=3and d =11

Embeddings: Map 0 — (1,0, ..,0) and
1+~ (0,1,0,..,0)

So y; = (I(w;=0),I(w;=1), £, (—1)% 1..)
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Parity

Example

PARITY can be recognized by a SMAT with
the PEs - and (—1)* and fixed precision.

Proof

The SMAT receives x; - - - x,, with k ones.
Fix L=3and d =11

Embeddings: Map 0 — (1,0, ..,0) and
1~ (0,1,0,..,0)

So y; = (I(2:=0), I(x:=1), &, (—1)*, £.)
Attention layer: Q, K and V are all 0 ex-

cept V6,2 =1
So P — (]I(il:, =S 0),]1((21; =

1)s %v (_1)i7 %7 %)
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Parity

Example

PARITY can be recognized by a SMAT with
the PEs - and (—1)* and fixed precision.

Proof

The SMAT receives x; - - - x,, with k ones.
Fix L=38and d =11

Embeddings: Map 0 — (1,0, ..,0) and
1+~ (0,1,0,..,0)
So y; = (I(w;=0),I(w;=1), £, (—1)% 1..)

Attention layer: Q, K and V are all 0 ex-
cept V6,2 =1
So P — (]I(il:, =S 0),]1((21; =

1), £, (-1)}, 2,5

FFN: With d’ = 3 :

gi = =(max(0,k — i — 1), max(0,k —
1), max(0,k — i+ 1))
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Parity

Example

PARITY can be recognized by a SMAT with
the PEs - and (—1)* and fixed precision.
Proof

The SMAT receives 1 - - -
Fix L=38and d =11

x,, with k ones.

Embeddings: Map 0 — (1,0, ..,
1+~ (0,1,0,..,0) '
So y; = (I(w;=0),I(w;=1), £, (—1)% 1..)

0) and

Attention layer: Q, K and V are all 0 ex-
cept V6,2 =1
So Z, = (H(wz =0),[(z; =

1)s E) ( 1)27 n’ ; )

FFN: With d’ = 3 :

gi = =(max(0,k — i — 1), max(0,k —
1), max(0,k — i+ 1))

Corentin Barloy and Thomas Zeume

Using max(0,k — ¢ — 1) — 2max(0,k —
%) —I—max(O,k—i—i—l) =1(i = k)

Soy = (I(m: = 0),I(x; =

1), %,(=1), 2, &, 120 )

— Position 7 is not 0 only forz = k

Highlights of TCS » Expressivity of transformers » Some examples



Parity

Example Using max(0,k — ¢ — 1) — 2max(0,k —
PARITY can be recognized by a SMAT with %) + max(O, k—i+1) =1 =k)
the PEs - and (—1)* and fixed precision. So Y; @ = (I(z; = 0),[(z; =
s 25 (=107, 2, 1 L=

Proof — Position 7 is not 0 only fort =k
The SMAT receives x; - - - x,, with k ones.
Fix L=3and d =11 Attention layer:

_ *Q=(11,.)
Embeddings: Map 0 — (1,0, ..,0) and K = (0,0,0,—1,..)

- 9 b b 9 o

1+~ (0,1,0,..,0)

p ) oV is all 0 except Vgg =1
So y; = (I(z:=0), I(z:=1), 1, (—=1)% ;)

® Attention scores are much higher on the
even positions

Attention | : K and Il -
ention layer: Q, K and V are all 0 ex oz = (0, m,o’e(_l)k)

cept V6,2 =1

So Z, = (H(mz =0),[(z; =

1), =, (— 1), L = ; .)

FFN: With d’ = 3 :

gi = =(max(0,k — i — 1), max(0,k —
1), max(0,k — i+ 1))
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Parity

Example Using max(0,k — ¢ — 1) — 2max(0,k —
PARITY can be recognized by a SMAT with %) + max(O, k—i+1) =1 =k)
the PEs - and (—1)* and fixed precision. So Y; @ = (I(z; = 0),[(z; =
s 25 (=107, 2, 1 L=

Proof — Position 7 is not 0 only fort =k
The SMAT receives x; - - - x,, with k ones.
Fix L=3and d =11 Attention layer:

_ *Q=(11,.)
Embeddings: Map 0 — (1,0, ..,0) and K = (0,0,0,—1,..)

- 9 b b 9 o

1+~ (0,1,0,..,0)

p ) oV is all 0 except Vgg =1
So y; = (I(w;=0),I(w;=1), £, (—1)% 1..)

® Attention scores are much higher on the
even positions

Attention | : K and Il -
ention layer: Q, K and V are all 0 ex oz = (0, “.,O’e(_l)k)

cept V6,2 =1

So Z, = (H(mz =0),[(z; =

1), =, (— 1), L = ; .)

FFN: With d’ = 3 :

gi = =(max(0,k — i — 1), max(0,k —
1), max(0,k — i+ 1))

FFN: trivial
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Parity (2/2)

Example
PARITY can be recognized by a SMAT with
the PEs = and (—1)* and fixed precision.

n

Proof

The SMAT receives x; - - - &, with k ones.
Fix L =3 and d =11

®y; = (I(z:=0),I(z:=1), %7 (—-1)%, %)
ez, = (0,..,0, e(_l)k)
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Parity (2/2)

Example Attention layer:
PARITY can be recognized by a SMAT with *Q = (1,1,..)
the PEs - and (—1)* and fixed precision. *K = (0,0,0,1,..)
®V is all 0 except Vg 10 = —1
Proof ® Attention scores are much higher on the
The SMAT receives x; - - - &, with k ones. odd positions
Fix L=3andd =11 ®z = (0,..,0,—e(~D")

ey, = (H(wizo)v]l(wizl)v %7 (_1)i7 %)
ez, = (0,..,0, e(_l)k)
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Parity (2/2)

Example Attention layer:
PARITY can be recognized by a SMAT with *Q = (1,1,..)
the PEs - and (—1)* and fixed precision. *K = (0,0,0,1,..)
®V is all 0 except Vg 10 = —1
Proof ® Attention scores are much higher on the
The SMAT receives x; - - - &, with k ones. odd positions
Fix L=3andd =11 ®z = (0,..,0,—e(~D")

®y; = (I(z:=0),I(z:=1), %7 (—1)% %) FFN: Adds the components 9 and 10
ez, = (0,..,0, e(_l)k)
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Parity (2/2)

Example Attention layer:
PARITY can be recognized by a SMAT with *Q = (1,1,..)
the PEs - and (—1)* and fixed precision. *K = (0,0,0,1,..)
®V is all 0 except Vg 10 = —1
Proof ® Attention scores are much higher on the
The SMAT receives x; - - - &, with k ones. odd positions
Fix L=3andd =11 ®z = (0,..,0,—e(~D")

®y; = (I(z:=0),I(z:=1), %7 (—1)% %) FFN: Adds the components 9 and 10

ez, = (0,..,0, e(_l)k) ;
Output Adds the components 9 and 10 in

11

This gives e(—1" — e(-DFH
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UHAT in AC°

We can leverage what we saw for circuits to gain knowledge about transform-
ers.
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UHAT in AC°

We can leverage what we saw for circuits to gain knowledge about transform-
ers.

Theorem E.1.1

Every language recognized by a unique hard-attention transformer with arbi-
trary PEs and arbitrary precision is in AC°:

UHAT C AC°.
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UHAT in AC° Y

We can leverage what we saw for circuits to gain knowledge about transform-
ers.

Theorem E.1.1

Every language recognized by a unique hard-attention transformer with arbi-
trary PEs and arbitrary precision is in AC°:

UHAT C AC°.

In particular, PARITY, MAJORITY and EQUALITY are not recognizable by
a UHAT.
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UHAT in AC° Y

We can leverage what we saw for circuits to gain knowledge about transform-
ers.

Theorem E.1.1

Every language recognized by a unique hard-attention transformer with arbi-
trary PEs and arbitrary precision is in AC°:

UHAT C AC°.

In particular, PARITY, MAJORITY and EQUALITY are not recognizable by
a UHAT.

Fix one transformer T, with:
we, pe, Q) , K™ v w w5 b o,
The dimensions d, d’ and the number of layers L are constants.
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UHAT in AC° Y

We can leverage what we saw for circuits to gain knowledge about transform-
ers.

Theorem E.1.1

Every language recognized by a unique hard-attention transformer with arbi-
trary PEs and arbitrary precision is in AC°:

UHAT C AC°.

In particular, PARITY, MAJORITY and EQUALITY are not recognizable by
a UHAT.

Fix one transformer T, with:
we, pe, Q) , K™ v w w5 b o,
The dimensions d, d’ and the number of layers L are constants.

For every input length n, we build one circuit C,,. The proof is non-uniform:
all constants depending only on T" and i may be hard-wired in C,,.
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UHAT in AC° Y

We can leverage what we saw for circuits to gain knowledge about transform-
ers.

Theorem E.1.1

Every language recognized by a unique hard-attention transformer with arbi-
trary PEs and arbitrary precision is in AC°:

UHAT C AC°.

In particular, PARITY, MAJORITY and EQUALITY are not recognizable by
a UHAT.

Fix one transformer T, with:
we, pe, Q) , K™ v w w5 b o,
The dimensions d, d’ and the number of layers L are constants.

For every input length n, we build one circuit C,,. The proof is non-uniform:
all constants depending only on T" and i may be hard-wired in C,,.

Standard fact: every Boolean function on O(logn) input bits can be imple-
mented by an AC® circuit.
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Input encoding: first names
Fix n. We argue that every layer values in

the UHAT can only take poly many values.
— we abstract them away
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Input encoding: first names

Fix n. We argue that every layer values in
the UHAT can only take poly many values.
— we abstract them away

A name at layer [ is a string 7€ {0,1}5:,
Its meaning is given by the map

7 : {0,1}B — RZ,
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Input encoding: first names

Fix n. We argue that every layer values in
the UHAT can only take poly many values.
— we abstract them away

A name at layer [ is a string 7€ {0,1}5:,
Its meaning is given by the map

7 : {0,1}B — RZ,

The invariant of the simulation is

l l

n(n) =y

The circuit computes the name ngr)
us what this name denotes.

— If By is of size logarithmic, we can re-
trieve this value

, T tells
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Input encoding: first names

Fix n. We argue that every layer values in
the UHAT can only take poly many values.
— we abstract them away

A name at layer [ is a string 7€ {0,1}5:,
Its meaning is given by the map

7 : {0,1}B — RZ,

The invariant of the simulation is

l l

n(n) =y

The circuit computes the name ngr)
us what this name denotes.

— If By is of size logarithmic, we can re-
trieve this value

, T tells

For » = 0, choose binary encodings
ency : ¥ — {0,1}°,
enc, : {1,...,n} — {0,1}*,
where s is constant and A = [log,(n+1)].
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Input encoding: first names

Fix n. We argue that every layer values in
the UHAT can only take poly many values.
— we abstract them away

A name at layer [ is a string 7€ {0,1}5:,
Its meaning is given by the map

7 : {0,1}B — RZ,

The invariant of the simulation is
1 1
n(n) =y
The circuit computes the name 7
us what this name denotes.
— If By is of size logarithmic, we can re-
trieve this value

()

;. T tells

For » = 0, choose binary encodings
ency : X — {0,1}°,
enc, : {1,...,n} — {0,1}*,

where s is constant and A = [log,(n+1)].

Corentin Barloy and Thomas Zeume

The name of position ¢ before the first layer
is

n® = encx(x;) || enc, (i)

and By = s+ A = O(logn).
Every bit can be computed by a constant
size circuit.
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Input encoding: first names

Fix n. We argue that every layer values in
the UHAT can only take poly many values.
— we abstract them away

A name at layer [ is a string 7€ {0,1}5:,
Its meaning is given by the map

7 : {0,1}B — RZ,

The invariant of the simulation is
1 1
n(n) =y
The circuit computes the name 7
us what this name denotes.
— If By is of size logarithmic, we can re-
trieve this value

()

;. T tells

For » = 0, choose binary encodings
ency : X — {0,1}°,
enc, : {1,...,n} — {0,1}*,

where s is constant and A = [log,(n+1)].

Corentin Barloy and Thomas Zeume

The name of position ¢ before the first layer
is

n” = encs () || ency (i)
and By = s+ A = O(logn).
Every bit can be computed by a constant
size circuit.

Define ¢ on valid names by
To (enc);; (a) || encn(i)) = we(a) +pe(i),
and arbitrarily on invalid bit strings. There-

fore

To(n{”) = we(z;) + pe(i) = y,

proving the base case of the invariant.

Highlights of TCS » Expressivity of transformers » Limitations of transformers



Q, K: scores become comparisons

(-1
i

Assume by induction that the circuit has names 7 ) and that

(V) =y,

The attention scores only depends on the names:
T
S(l)(”la n') = (Q(”Tz—l("?)) (K(l)Tt—l(U'))-
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Q, K: scores become comparisons

(-1
i

Assume by induction that the circuit has names 7 ) and that

(V) =y,

The attention scores only depends on the names:
T
S(l)("la n') = (Q(”Tz—l('ﬂ)) (K(l)Tt—l(U'))-

For fixed output position %, candidate j beats candidate j’ iff
-1 -1 -1 -1
sO P, n{™) > sO !, ni™).
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Q, K: scores become comparisons

(=1 and that

Assume by induction that the circuit has names 7;

(V) =y Y.

The attention scores only depends on the names:

=
S(l)("la n') = (Q(l)‘rl—l("?)) (K(I)Tl—l(n,))'
For fixed output position %, candidate j beats candidate j’ iff
1— l— 1— 1—
s(l)(ni( 1)’77](' 1)) > 3(”(775 1)’7]( 1)).

3’

Define the Boolean predicate
GE,(n,n',n") =1(s®(n,n') > sV (n,n")).
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Q, K: scores become comparisons

(=1 and that

Assume by induction that the circuit has names 7;

(V) =y Y.

The attention scores only depends on the names:

=
S(l)("la n') = (Q(l)‘rl—l("?)) (K(I)Tl—l(n,))'

For fixed output position %, candidate j beats candidate j’ iff
sO (D, gDy > 5O (=1 =1y

3’

Define the Boolean predicate
GE,(n,n',n") =1(s®(n,n') > sV (n,n")).

Its input is of size log, hence it can be computed in AC°.
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Q, K: scores become comparisons

(=1 and that

Assume by induction that the circuit has names 7;

(V) =y Y.

The attention scores only depends on the names:
T

S(l)("la n') = (Q(l)‘rl—l("?)) (K(I)Tl—l(n,))'

For fixed output position %, candidate j beats candidate j’ iff
1— l— 1— 1—

sO ™D, n{™Y) > sO @Y, 7).
Define the Boolean predicate

GE,(n,n',n") =1(s®(n,n') > sV (n,n")).

Its input is of size log, hence it can be computed in AC°.

This is enough information to compute the attention weights.
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Unique hard attention becomes a selector 0

For a fixed layer I and output position 2, compute for all candidates j

n
_ 1— 1—
mi; = /\ GEl(nz‘(l l)a"]](' 1)a77]('/ 1))'

3=
So m; ; = 1 says that j is a maximizer of the score.
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Unique hard attention becomes a selector 0

For a fixed layer I and output position 2, compute for all candidates j

n
mi; = /\ GEl("h‘(l_l)a"]](‘l_l)a "7]('5_1))'

3=
So m; ; = 1 says that j is a maximizer of the score.
Unique hard attention takes the leftmost maximizer. Encoded by:

a;; = m;; N\ /\ —my e
J’'<i
Exactly one a; ; is true.
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Unique hard attention becomes a selector 0

For a fixed layer I and output position 2, compute for all candidates j

n
-1 -1 -1
UL IS /\ GEl("h‘( )577](‘ )$"7]('/ ))'
3=
So m; ; = 1 says that j is a maximizer of the score.
Unique hard attention takes the leftmost maximizer. Encoded by:
@ij = M5 A\ /\ TG
J’'<i
Exactly one a; ; is true.

Let 5* be the selected position. Copy every bit ¢ of the selected name:

n

o"t] = \/ (ai; An{"" VL))

Jj=1
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Unique hard attention becomes a selector 0

For a fixed Iayer I and output position ¢, compute for all candidates j

™ = /\ GEy(n{' ", n{' ™V, nl ).

J =
So m; ; = 1 says that j is a maximizer of the score.

Unique hard attention takes the leftmost maximizer. Encoded by:

;i = My j AN /\ MMy .
J’'<i
Exactly one a; ; is true.

Let 5* be the selected position. Copy every bit ¢ of the selected name:

n

- r 1
0','( )[t] = \/ (aw A1 )[t])
j=1
Therefore
(r) n(r 1) wherej* = min arg max (q(r))—rk(r)

This is exactly the unique hard-attention ch0|ce.
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21

V and FFN update the name

In the transformer, after selecting j*,
i -1 i i -1
v;*) = V(l)y](* . zzg) = vj(-*) F yf ),
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21

V and FFN update the name

In the transformer, after selecting j*,

1 — 1 1 -1
o = yOLED O W e

The circuit records the two old names

! 1—1 !
w0 = (10, o).
Since o-i(l) = nj(.i_l), this name determines

%) =VOn_(a) +na(f™).
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V and FFN update the name

In the transformer, after selecting j*,
o = yORED O 0 e,

The circuit records the two old names

! 1—1 !
w0 = (10, o).
Since o'i(l) = n{™", this name determines

%) =VOn_(a) +na(f™).

The FEN part is
PO = W00 160, g = ReLUGD),

l 1 1 l l
s = WGP 440 420,

21
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21

V and FFN update the name

In the transformer, after selecting 5*,
o = yORED O 0 e,

The circuit records the two old names

l -1 l
2 = (00, 0).
Since o'i(l) = n('i_l), this name determines

20 =VOr_1(e) + (™).
The FEN part is

WO = W00 450, g = ReLU(Y),

1 1 l l

uO = WG 4 b0 4 0.

Define 7y by the formula above. Then the new name satisfies
@Oy — ., O

(") =y -

Thus V®, Wl(l), W2(l), bgl),bg), and ReLU are all represented in 7;.
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21

V and FFN update the name

In the transformer, after selecting 5*,
W@ = VO D O 0

The circuit records the two old names

l - l
7 = (180,0).
Since o'i(l)

20 =VOr_1(e) + (™).

= n(.i_l), this name determines

The FEN part is

WO = W00 450, g = ReLU(Y),

l 1) l l

uO = WG 4 b0 4 0.

Define 7y by the formula above. Then the new name satisfies
@Oy — ., O

(") =y -

Thus V®, Wl(l), W2(l), bgl),bg), and ReLU are all represented in 7;.

The name length is doubled at each layer:
— always O(log(n))
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Output and conclusion .

The transformer accepts by testing the last position:
oTybe) > 0.

By the invariant, the circuit has the name nSLL), and
2 (niP) = yP.
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Output and conclusion .

The transformer accepts by testing the last position:
oTySLL) > 0.

By the invariant, the circuit has the name nSLL), and
() =y

Define the final Boolean predicate
Out(n) = ]I(OTTL(n) > 0).

It is a function of one O(log n)-bit name, hence has an AC° circuit.
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Output and conclusion .

The transformer accepts by testing the last position:
oTybe) > 0.
By the invariant, the circuit has the name 5%, and

TL (771(1L)) = I‘/,(,L) .

Define the final Boolean predicate
Out(n) = H(OTTL(n) > 0).

It is a function of one O(log n)-bit name, hence has an AC° circuit.

Therefore, for every n, the circuit C,, satisfies
Cp(xi---xp) =1 <= T accepts &y -+ Tp.
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Output and conclusion .

The transformer accepts by testing the last position:
oTybe) > 0.

By the invariant, the circuit has the name 5%, and
() =y

Define the final Boolean predicate
Out(n) = H(OTTL(n) > 0).

It is a function of one O(log n)-bit name, hence has an AC° circuit.
Therefore, for every n, the circuit C,, satisfies
Cp(xi---xp) =1 <= T accepts &y -+ Tp.

Theorem E.1.2

Every language recognized by a unique hard-attention transformer with arbi-
trary PEs and arbitrary precision is in ACC:

UHAT C AC°.
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Other limitations v
Definition
The class TCP is the set of language that can be computed with a family of
circuits of polynomial size and constant depth thta have acces to MAJOR-
ITY gates.
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Other limitations *

Definition

The class TCP is the set of language that can be computed with a family of
circuits of polynomial size and constant depth thta have acces to MAJOR-
ITY gates.

Fact E.1.3
We have ACC® C TC°.
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Other limitations *

Definition

The class TCP is the set of language that can be computed with a family of
circuits of polynomial size and constant depth thta have acces to MAJOR-
ITY gates.

Fact E.1.3
We have ACC® C TC°.

We can study SMAT with a proof similar to the one for UHAT:
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Other limitations *

Definition

The class TCP is the set of language that can be computed with a family of
circuits of polynomial size and constant depth thta have acces to MAJOR-
ITY gates.

Fact E.1.3
We have ACC® C TC°.
We can study SMAT with a proof similar to the one for UHAT:

Theorem E.1.4

Every language recognized by a softmax attention transformer with arbitrary
PEs and log precision is in TC:

SMAT C TC°.
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Other limitations *

Definition

The class TCP is the set of language that can be computed with a family of
circuits of polynomial size and constant depth thta have acces to MAJOR-
ITY gates.

Fact E.1.3
We have ACC® C TC°.
We can study SMAT with a proof similar to the one for UHAT:

Theorem E.1.4

Every language recognized by a softmax attention transformer with arbitrary
PEs and log precision is in TC:
SMAT C TC°.

Moreover, severe restrictions of the model only recognizes regular languages:
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Other limitations *

Definition

The class TCP is the set of language that can be computed with a family of
circuits of polynomial size and constant depth thta have acces to MAJOR-
ITY gates.

Fact E.1.3
We have ACC® C TC°.

We can study SMAT with a proof similar to the one for UHAT:

Theorem E.1.4

Every language recognized by a softmax attention transformer with arbitrary
PEs and log precision is in TC:

SMAT C TC°.

Moreover, severe restrictions of the model only recognizes regular languages:

Theorem E.1.5

The language recognized by a masked unique-hard attention transformer with
no PEs and finite precision are precisely the star-free languages.
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25

Chain-of-thoughts
In practice, transformers are not simply rec-

ognizers, but generates an output one token
at a time
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25

Chain-of-thoughts

In practice, transformers are not simply rec-
ognizers, but generates an output one token
at a time

To enhance the performances, it is em-
pirically better to split a query in several
prompts
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25

Chain-of-thoughts

In practice, transformers are not simply rec-
ognizers, but generates an output one token
at a time

To enhance the performances, it is em-
pirically better to split a query in several
prompts

— we enhance transformers with the ability
to generate several outputs before answering
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Chain-of-thoughts

In practice, transformers are not simply rec-
ognizers, but generates an output one token
at a time

To enhance the performances, it is em-
pirically better to split a query in several
prompts

— we enhance transformers with the ability
to generate several outputs before answering

We now allow a Chain-of-thought:

Yoo V1 V25 - -
At each step, the same fixed transformer is
applied to the current prefix and outputs the
next thought as a letter.

25
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Chain-of-thoughts

In practice, transformers are not simply rec-
ognizers, but generates an output one token
at a time

To enhance the performances, it is em-
pirically better to split a query in several
prompts

— we enhance transformers with the ability
to generate several outputs before answering

We now allow a Chain-of-thought:

Yoo V1 V25 - -
At each step, the same fixed transformer is
applied to the current prefix and outputs the
next thought as a letter.

How to generate a letter?

Let d” be a dimension for the thoughts,
and 0 € R¥' %4 Return 0T y(L) instead
of checking if it is > 0.

25
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25

Chain-of-thoughts

In practice, transformers are not simply rec- CoT
ognizers, but generates an output one token Let T be a transformer that generates a
at a time thought. For an input « and a fresh sym-

. bol #, define recursively:
To enhance the performances, it is em- # Y

pirically better to split a query in several CoTi(z) =z #v1- 7
prompts Yet+1 = T(CoTy(x)).
— we enhance transformers with the ability The infinite word
to generate several outputs before answering Y1 V2Y3 ¢

is the Chain-of-thought generated by 7" on
We now allow a Chain-of-thought: .

Yos V1 V25 e - -
At each step, the same fixed transformer is

applied to the current prefix and outputs the
next thought as a letter.

How to generate a letter?

Let d” be a dimension for the thoughts,
and 0 € R¥' %4 Return 0T y(L) instead
of checking if it is > O.
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25

Chain-of-thoughts

In practice, transformers are not simply rec-
ognizers, but generates an output one token
at a time

To enhance the performances, it is em-
pirically better to split a query in several
prompts

— we enhance transformers with the ability
to generate several outputs before answering

We now allow a Chain-of-thought:

Yos V1 V25 e - -
At each step, the same fixed transformer is
applied to the current prefix and outputs the
next thought as a letter.

How to generate a letter?

Let d” be a dimension for the thoughts,
and 0 € R¥' %4 Return 0T y(L) instead
of checking if it is > O.
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CoT

Let T be a transformer that generates a
thought. For an input @ and a fresh sym-
bol #, define recursively:

CoTi(x) =z #v1-" %

Ye+1 = T(CoTy(x)).
The infinite word

Y17Y273 -

is the Chain-of-thought generated by 7" on
x.

We assume that the word embeddings for
thoughts are linear functions.
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Chain-of-thoughts

In practice, transformers are not simply rec-
ognizers, but generates an output one token
at a time

To enhance the performances, it is em-
pirically better to split a query in several
prompts

— we enhance transformers with the ability
to generate several outputs before answering

We now allow a Chain-of-thought:

Yos V1 V25 e - -
At each step, the same fixed transformer is
applied to the current prefix and outputs the
next thought as a letter.

How to generate a letter?

Let d” be a dimension for the thoughts,
and 0 € R¥' %4 Return 0T y(L) instead
of checking if it is > O.
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25

CoT

Let T be a transformer that generates a
thought. For an input @ and a fresh sym-
bol #, define recursively:

CoTi(z) =z #v1- 7

Ye+1 = T(CoTy(x)).
The infinite word

Y1278t -
is the Chain-of-thought generated by 7" on
x.

We assume that the word embeddings for
thoughts are linear functions.

We say that « is accepted by 7" with CoT
if the thought (0,--- ,0) is generated at
some point. It is rejected if (0,--- ,1) is
generated.
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Turing-completeness

On input @y + « - &, # Y1+« - Ve, we will use the positional encodings among:

1
R H_l,n’]l[i <n]

Corentin Barloy and Thomas Zeume Highlights of TCS » Expressivity of transformers » Turing-completeness



. 26
Turing-completeness

On input @y « + * ®nF#Y1 -+ - Ye, We will use the positional encodings among:

1
R i-i-_l’n’]l[i <n]

With that, relatively weak transformers are Turing-complete.

Theorem E.1.6

Let L be a language computed by a Turing machine M. Then there is a
UHAT T with CoT, log precision and the preceeding PEs that accepts L.

Corentin Barloy and Thomas Zeume Highlights of TCS » Expressivity of transformers » Turing-completeness



. 26
Turing-completeness

On input @y « + * ®nF#Y1 -+ - Ye, We will use the positional encodings among:
. .2 1 H[. < ]
1,17, ——,n,l[i <n
9 9 ’l: + 1’ 9

With that, relatively weak transformers are Turing-complete.

Theorem E.1.6

Let L be a language computed by a Turing machine M. Then there is a
UHAT T with CoT, log precision and the preceeding PEs that accepts L.

If M stops after 7(|x|) steps, then the generated Chain-of-thought has size

O(7(|z)))-
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Turing-completeness

On input @y « + * ®nF#Y1 -+ - Ye, We will use the positional encodings among:

1
t,1%, ——,n, [ < nj
1+ 1

With that, relatively weak transformers are Turing-complete.

Theorem E.1.6
Let L be a language computed by a Turing machine M. Then there is a
UHAT T with CoT, log precision and the preceeding PEs that accepts L.

If M stops after 7(|x|) steps, then the generated Chain-of-thought has size

O(7(|z)))-

In the following, the TM M = (T, Q, d, o) has a single tape and performs
one action at a time: the transition function is

d: X XQ— AXxXQ.
where
A={—|,—2}U{WRITE(0) : o0 € T}.
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Generating the first thought
The thoughts will be of the form, with d”

1+ Al + QI

Yt — (it, Qag, qt)-

where after t simulated actions:

2 = current head position,

a; = action just performed in one-hot,

g: = current state in one-hot.

Corentin Barloy and Thomas Zeume
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Generating the first thought
The thoughts will be of the form, with d”

1+ Al + QI

Yt = (ita Qag, ‘It)-

where after t simulated actions:

2 = current head position,

a; = action just performed in one-hot,

g: = current state in one-hot.

The first context is just

CoTo(x) = @1+ - - T #-.
The first thought is:

Y1 = (Oa l’ 30)-

Corentin Barloy and Thomas Zeume
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Generating the first thought
The thoughts will be of the form, with d”’ =
1+ A+ QI
Ve = (B¢, Gty qt)-
where after t simulated actions:

2 = current head position,
a; = action just performed in one-hot,

g: = current state in one-hot.

The first context is just
CoTo(x) = @1+ - - T #-.
The first thought is:
71 = (0, |, s0).

How does the transformer know this is the
first call?

The output is read at the last position of the
current context. The last letter is # only for
COTO (w),

27
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Generating the first thought o

The thoughts will be of the form, with d”’ =
1+ Al + QI

Yt = (it,atth)-
where after t simulated actions:

i; = current head position,
a; = action just performed in one-hot,

g: = current state in one-hot.

The first context is just
CoTo(x) = @1+ - - T #-.
The first thought is:
Y1 = (Os Ly 30)'

How does the transformer know this is the
first call?

The output is read at the last position of the
current context. The last letter is # only for
CoTy(z),

Corentin Barloy and Thomas Zeume

Give the separator a special embedding coor-
dinate:

we(#)[sep] = 1,

we(a)[sep] = O for a # #.
At the last position, the feed-forward part
can test this coordinate.

Highlights of TCS » Expressivity of transformers B Turing-completeness



Generating the first thought

The thoughts will be of the form, with d”’ =
1+ A+ QI

Ve = (B¢, Gty qt)-
where after t simulated actions:

i; = current head position,
a; = action just performed in one-hot,

g: = current state in one-hot.

The first context is just
CoTo(z) = @1 - - - T F-
The first thought is:
Y1 = (Os Ly 30)'

How does the transformer know this is the
first call?

The output is read at the last position of the
current context. The last letter is # only for
CoTo(z),

Corentin Barloy and Thomas Zeume

27

Give the separator a special embedding coor-
dinate:

we(#)[sep] = 1,

we(a)[sep] = O for a # #.
At the last position, the feed-forward part
can test this coordinate.

A FFEN can test whether this coordinate is 1.
Let u = y'L) [sep].
Since in our construction u € {0,1}, the
gate

ginit = ReLU(u — ) — ReLU(u — )
satisfies

1
Ginit — { (2)

Multiplying the constant vector encoding
(0, |, s0) by 2ginit forces the first output to
be

T(xy---zn#t) = (0,1, 50)-

Highlights of TCS » Expressivity of transformers B Turing-completeness

if the last letter is #,
otherwise.



Computation of next thoughts? *

Suppose the latest thought is

& = (is, at, qr).
To produce &1, the transformer must know
the current tape symbol at cell ;. Call it oy.
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Computation of next thoughts? *

Suppose the latest thought is

& = (is, at, qr).
To produce &1, the transformer must know
the current tape symbol at cell ;. Call it oy.

Then it applies the finite transition table
0(01,q:) = (at-',-laqt-l-l)-
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Computation of next thoughts? *
Suppose the latest thought is

& = (is, at, qr).
To produce &1, the transformer must know
the current tape symbol at cell ;. Call it oy.

Then it applies the finite transition table
0(01,q:) = (at+1aqt+1)-

The next head position is
e+ 1 if a1 =—,
’it+1 =4qi—1 |if g1 =+
it if a;+1 = WRITE(0).
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Computation of next thoughts? *
Suppose the latest thought is

& = (is, at, qr).
To produce &1, the transformer must know
the current tape symbol at cell ;. Call it oy.

Then it applies the finite transition table
0(01,q:) = (at+1aqt+1)-

The next head position is
e+ 1 if a1 =—,
’it+1 =4qi—1 |if g1 =+
it if a;+1 = WRITE(0).

Thus the only real memory problem is: what
symbol is currently stored at tape cell 2,7
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Computation of next thoughts?

Suppose the latest thought is

& = (is, at, qr).
To produce &1, the transformer must know
the current tape symbol at cell ;. Call it oy.

Then it applies the finite transition table
0(01,q:) = (at+1aqt+1)-

The next head position is
i+ 1 ifag =—,
’it+1 =4qi—1 |if g1 =+

i if ay41 = WRITE(0).

Thus the only real memory problem is: what
symbol is currently stored at tape cell 2,7

A tape cell changes only when the machine
performs a write action there.

28
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Computation of next thoughts? *

Suppose the latest thought is Define the latest previous write to the cur-
& = (i, a4, qy)- 2 @23

To produce &1, the transformer must know £y = max{s <t:i; =1

the current tape symbol at cell ;. Call it oy. and a, = WRITE(o) for some o}.

Then it applies the finite transition table
0(04,q:) = (@ry15Gs41)-

The next head position is
i+ 1 ifag =—,
tep1 = % — 1 ifagp g =,
it if a;+1 = WRITE(0).

Thus the only real memory problem is: what
symbol is currently stored at tape cell 2,7

A tape cell changes only when the machine
performs a write action there.
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Computation of next thoughts? *

Suppose the latest thought is Define the latest previous write to the cur-
& = (i, a4, qy)- 2 @23

To produce &1, the transformer must know £y = max{s <t:i; =1

the current tape symbol at cell ;. Call it oy. and a, = WRITE(o) for some o}.

Then it applies the finite transition table

If £; exists and a,, = WRITE(0o), then
0(ot,q:) = (att1,q+1)-

Oy — O.
If £; does not exist, the symbol is the initial

input symbol at position 2, or LI beyond the
input separator.

The next head position is
i+ 1 ifag =—,
it+1 = it -1 if aH_l =<,

it if ai41 = WRITE(U).

Thus the only real memory problem is: what
symbol is currently stored at tape cell 2,7

A tape cell changes only when the machine
performs a write action there.
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Head 1: retrieve the latest write *

let p; be the current query position and ps
be the context position of a previous thought

&y = (isa as’QS)'
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Head 1: retrieve the latest write *

let p; be the current query position and ps
be the context position of a previous thought

&y = (isa as’QS)'

Choose fixed query/key maps so that the
score &, of p, for p; is
ps+1

score, = —(i,—1;)%+1[a writes]+ .
pt+1
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Head 1: retrieve the latest write

let p; be the current query position and ps
be the context position of a previous thought

&y = (isa asaQs)-

Choose fixed query/key maps so that the
score &, of p, for p; is

1
score; = —(is—it)2+1[aswrites]+1i.
pt+1

This is a dot product because

— (s — 14)? = 2ipis — 12 — 02,
and the final term uses the key coordinate
Ps + 1 and query coordinate 1/(p; + 1).

29
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Head 1: retrieve the latest write *

let p; be the current query position and ps Since tape positions are integers,
be the context position of a previous thought is £ i = —(is — )2 < —1.

és = (Zsa Qg, qs)- AlSO, because DPs < D¢,

Choose fixed query/key maps so that the 0< ps+1 ol
score &, of ps for py is p:+1
1
score; = —(is—it)z—l-l[aswrites]-l—pS as .
pt+1

This is a dot product because

—(is — 1¢)? = 2448, — 32 — 42,
and the final term uses the key coordinate
Ps + 1 and query coordinate 1/(p: + 1).
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Head 1: retrieve the latest write

let p; be the current query position and pg
be the context position of a previous thought

és = (isa aqus)'

Choose fixed query/key maps so that the
score &, of ps for py is

ps+1

score, = —(i,—1;)%+1[a writes]+

This is a dot product because

—(is — 1¢)? = 2448, — 32 — 42,
and the final term uses the key coordinate
Ps + 1 and query coordinate 1/(p: + 1).

Corentin Barloy and Thomas Zeume

Pt+1.

Since tape positions are integers,

is iy = —(is —1)% < —1.
Also, because p; < p:,
s 1
0< Ps + < 1.
Pt 1
Therefore:
.41
same cell and write | 1 4 Ps + € (1,2)
P+ 1
. ps+1
same cell, not write € (0,1)
p:+1
different cell <1

29
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Head 1: retrieve the latest write

let p; be the current query position and pg
be the context position of a previous thought

és = (isa asﬂqs)'

Choose fixed query/key maps so that the
score &, of ps for py is

ps+1

score, = —(i,—1;)%+1[a writes]+

This is a dot product because

—(is — 1¢)? = 2448, — 32 — 42,
and the final term uses the key coordinate
Ps + 1 and query coordinate 1/(p: + 1).
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Pt+1.

Since tape positions are integers,

is iy = —(is —1)% < —1.
Also, because p; < p:,
. 1
0< Ps + < 1.
Pt
Therefore:
L1
same cell and write | 1 4 P+ 1 € (1,2)
P_f_"i‘ 1
same cell, not write Lo € (0,1)
p:+1
different cell <1

Thus any same-cell write beats every other
previous thought. Among same-cell writes,
the score is larger exactly for the larger con-
text position ps.
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Head 1: retrieve the latest write

let p; be the current query position and pg
be the context position of a previous thought

és = (isa asﬂqs)'

Choose fixed query/key maps so that the
score &, of ps for py is
ps+1

score, = —(i,—1;)%+1[a writes]+ .
pt+1

This is a dot product because

—(is — 1¢)? = 2448, — 32 — 42,
and the final term uses the key coordinate
Ps + 1 and query coordinate 1/(p: + 1).

Corentin Barloy and Thomas Zeume

Since tape positions are integers,

is iy = —(is —1)% < —1.
Also, because p; < p:,
41
o< Pl
p:+1
Therefore:
- 1
same cell and write | 1 4 P+ 1 € (1,2)
P+ 1
. ps+1
same cell, not write —— € (0,1)
p:+1
different cell <1

Thus any same-cell write beats every other
previous thought. Among same-cell writes,
the score is larger exactly for the larger con-
text position ps.

Unique hard attention retrieves the latest
write &g, , if such a write exists. Its value
vector contains ¢,, and ag, .
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Head 2: recover the initial symbol .

If Head 1 did not retrieve a matching write,

then the tape position still contains its initial
symbol.
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Head 2: recover the initial symbol .

If Head 1 did not retrieve a matching write,
then the tape position still contains its initial
symbol.

Choose fixed query/key maps so that the
score &, of ps for py is

—(is — 14)°.

Corentin Barloy and Thomas Zeume Highlights of TCS » Expressivity of transformers » Turing-completeness



Head 2: recover the initial symbol .

If Head 1 did not retrieve a matching write,
then the tape position still contains its initial
symbol.

Choose fixed query/key maps so that the
score &, of ps for py is

—(is — 14)°.

This is maximized for 1, = ;.

The value map uses [[¢ < n] so that

o|f0 < ¢ < m, then i, is an actual
input position, so the value map retrieves
Lip41-

® |f ¢, > n, no input position has address
so the value map retrieves LI.
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Head 2: recover the initial symbol .

If Head 1 did not retrieve a matching write,
then the tape position still contains its initial
symbol.

Choose fixed query/key maps so that the
score &, of ps for py is

—(is — 14)°.

This is maximized for 1, = ;.

The value map uses [[¢ < n] so that

o|f0 < ¢ < m, then i, is an actual
input position, so the value map retrieves
Lip41-

® |f ¢, > n, no input position has address
so the value map retrieves LI.

We combine the value of both heads with a
FEN.
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Head 2: recover the initial symbol *

If Head 1 did not retrieve a matching write, All the information needed has been com-
then the tape position still contains its initial puted, and can be extracted with a FFN.
symbol.

Choose fixed query/key maps so that the
score &, of ps for py is

—(is — 1¢)3.

This is maximized for 1, = ;.

The value map uses I[¢ < n] so that

o|f0 < ¢ < m, then i, is an actual
input position, so the value map retrieves
Lig41-

® |f ¢, > n, no input position has address
so the value map retrieves L.

We combine the value of both heads with a
FEN.
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Head 2: recover the initial symbol *

If Head 1 did not retrieve a matching write, All the information needed has been com-
then the tape position still contains its initial puted, and can be extracted with a FFN.
symbol.
It checks whether Head 1 really found a
Choose fixed query/key maps so that the write to the same cell. Over integer coor-
score &, of ps for py is dinates,
—(is — 1)2. 1[i = i) = ReLU(1 — |i — i4]),

This is maximized for 4, = is. CHEE () = IO o RET U=

The value map uses I[¢ < n] so that

o|f0 < ¢ < m, then i, is an actual
input position, so the value map retrieves
Lig41-

® |f ¢, > n, no input position has address
so the value map retrieves L.

We combine the value of both heads with a
FEN.
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Head 2: recover the initial symbol

If Head 1 did not retrieve a matching write,
then the tape position still contains its initial
symbol.

Choose fixed query/key maps so that the
score &, of ps for py is

—(is — 1¢)3.

This is maximized for 1, = ;.

The value map uses I[¢ < n] so that

o|f0 < ¢ < m, then i, is an actual
input position, so the value map retrieves
Lig41-

® |f ¢, > n, no input position has address
so the value map retrieves L.

We combine the value of both heads with a
FEN.

Corentin Barloy and Thomas Zeume

All the information needed has been com-
puted, and can be extracted with a FFN.

It checks whether Head 1 really found a
write to the same cell. Over integer coor-
dinates,

1[i = i) = ReLU(1 — |i — i4]),
where |z| = ReLU(z) 4+ ReLU(—z).

Thus it reconstructs the current symbol o,
applies

6(Ut7 Qt) = (at+17 Qt+1)a
and computes 4,41 € {iy — 1,4, + 1}.
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Head 2: recover the initial symbol

If Head 1 did not retrieve a matching write,
then the tape position still contains its initial
symbol.

Choose fixed query/key maps so that the
score &, of ps for py is

—(is — 1¢)3.

This is maximized for 1, = ;.

The value map uses I[¢ < n] so that

o|f0 < ¢ < m, then i, is an actual
input position, so the value map retrieves
Lig41-

® |f ¢, > n, no input position has address
so the value map retrieves LI.

We combine the value of both heads with a
FEN.

Corentin Barloy and Thomas Zeume

All the information needed has been com-
puted, and can be extracted with a FFN.

It checks whether Head 1 really found a
write to the same cell. Over integer coor-
dinates,

1[i = i) = ReLU(1 — |i — i4]),
where |z| = ReLU(z) 4+ ReLU(—z).
Thus it reconstructs the current symbol o,
applies

5(Uta Qt) = (at+17 Qt+1)a
and computes 4,41 € {iy — 1,4, + 1}.
The next output is exactly the record

Ei+1 = (Btt1Qrp1, Qet1)-

30
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- . - . 31
The simulation invariant

Let
50951362’ 0oo

be the transition sequence of M on input x.
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- . - . 31
The simulation invariant

Let
509&1352’ 0oo

be the transition sequence of M on input x.

Invariant. After t 4+ 1 generated thoughts,
and before a terminating state is reached,

Yoy1 -+ ve = &o&1 - - e
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- . - . 31
The simulation invariant

Let
509&1352’ 0oo
be the transition sequence of M on input x.
Invariant. After t 4+ 1 generated thoughts,
and before a terminating state is reached,
Yoya -+ ¥e = &0k -+ &b

Base case: 79 = & = (0, start, sp) is
fixed.
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. . . . 31
The simulation invariant

Let Assume
€0,81,825 - - Yo vt = &0+ &
be the transition sequence of M on input x. The latest-thought information gives
it; Qt, qi-

Invariant. After t 4+ 1 generated thoughts,
and before a terminating state is reached,

Yoy1 -+ ve = &o&1 - - e

Base case: 79 = & = (0, start, sp) is
fixed.
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. - . . 31
The simulation invariant

Let Assume
€0,81,825 - - Yo vt = &0+ &
be the transition sequence of M on input x. The latest-thought information gives
ita Aty qt-

Invariant. After t 4+ 1 generated thoughts,

and before a terminating state is reached, Head 1 retrieves the latest write to cell 24, if
o1 Ve = ok -+ - Es. one exists. Hea.d 2 retrieves the initial input

symbol at cell 24, if it exists.

Base case: 79 = & = (0, start, sp) is
fixed.
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. - . . 31
The simulation invariant

Let Assume
€0,81,825 - - Yo vt = &0+ &
be the transition sequence of M on input x. The latest-thought information gives
ita Aty qt-

Invariant. After t 4+ 1 generated thoughts,
and before a terminating state is reached, Head 1 retrieves the latest write to cell 24, if
o1 Ve = ok -+ - Es. one exists. Hea.d 2 retrieves the initial input

symbol at cell 24, if it exists.

Base case: 79 = & = (0, start, sp) is

fixed. The position-wise map reconstructs the true
current symbol o, applies 4, and outputs
the true next record

§t+1 = (it+1’ At i1, (It+1)-
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